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Abstract
We study the quantum field theory (QFT) of a free, real, massless and curvature cou-
pled scalar field on self-similar symmetric spacetimes, which are deformed by an abelian
Drinfel’d twist constructed from a Killing and a homothetic Killing vector field. In con-
trast to deformations solely by Killing vector fields, such as the Moyal-Weyl Minkowski
spacetime, the equation of motion and Green’s operators are deformed. We show that
there is a ∗-algebra isomorphism between the QFT on the deformed and the formal power
series extension of the QFT on the undeformed spacetime. We study the convergent
implementation of our deformations for toy-models. For these models it is found that
there is a ∗-isomorphism between the deformed Weyl algebra and a reduced undeformed
Weyl algebra, where certain strongly localized observables are excluded. Thus, our models
realize the intuitive physical picture that noncommutative geometry prevents arbitrary
localization in spacetime.
∗e-mail: aschenkel@physik.uni-wuerzburg.de
1
1 Introduction
Replacing classical geometry by a noncommutative (NC) geometry is a widely used technique
to incorporate quantum gravity effects into (low-energy) QFTs. By now, there are different
realizations of the basic idea of modifying/deforming commutative QFTs using methods of
NC geometry. In particular, the following different routes have been taken:
spacetime
deform−−−−−−−−→ deformed spacetime
quantum fields
y yquantum fields
QFT
deform−−−−−−−−→ deformed QFT
The resulting deformed QFT is expected to depend on the path chosen. The lower path,
which we call NC QFT on curved spacetimes, assumes that the QFT is the fundamental
object to be studied and spacetime is just encoded in the net structure of the algebras of
local observables. Wedge local deformations of QFTs on curved spacetimes by Killing vector
fields and Rieffel products have been studied in [1]. The upper path, which we call QFT on
NC curved spacetimes, assumes that spacetime itself is of direct importance and has to be
deformed. The QFT is then defined on this NC spacetime. We have constructed the QFT
on NC curved spacetimes for a free scalar field and a large class of formal Drinfel’d twist
deformations in [2], without assuming any symmetries of the background spacetime.
In the present work we specialize the formalism of [2] to a certain class of deformations.
The deformations we consider are abelian Drinfel’d twists constructed from a Killing vector
field and a homothetic Killing vector field. The reason for this choice is threefold: Firstly,
as pointed out in [2], the equation of motion, the Green’s operators and also the algebra of
observables of a free scalar QFT are not deformed when one uses deformations by Killing
vector fields. Thus, Killing deformations are trivial in the formalism [2]. As we will see
later, deforming by a Killing and a homothetic Killing vector field is the simplest nontrivial
deformation. Secondly, due to the simplicity of the deformation we can study its convergent
implementation for toy-models and the resulting new physical effects, such as nonlocality.
Thirdly, as pointed out in [3], homothetic Killing vector fields play an important role in
constructing exact solutions of the NC Einstein equations [4, 5].
The outline of this paper is as follows: In Section 2 we introduce homothetic Killing vector
fields and provide examples of spacetimes admitting them. We review the formal deformation
quantization of algebras and their modules by (abelian) Drinfel’d twists in Section 3 in order to
define a deformed action functional of a free, real, massless and curvature coupled scalar field
theory. In Section 4 we study in detail the scalar field theory on curved spacetimes deformed
by an abelian twist constructed from a Killing and a homothetic Killing vector field. We
construct the ∗-algebra of field polynomials and show that there is a ∗-algebra isomorphism
to the formal power series extension of the ∗-algebra of field polynomials of the commutative
QFT. As a consequence, there also exists an isomorphism between the groups of symplectic
automorphisms (e.g. isometries) and the spaces of algebraic states of the deformed and the
undeformed QFT. In Section 5 we study the convergent implementation of our deformations
for Friedmann-Robertson-Walker (FRW) toy-models. We show that there is a ∗-isomorphism
between the deformed Weyl algebra A⋆ and a nonstandard undeformed Weyl algebra Aimg.
The algebra Aimg does not carry a representation of all isometries of the FRW spacetime.
However, there exists an injective ∗-morphism S from A⋆ into an (i.g. extended) undeformed
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Weyl algebra Aext, which carries a representation of all isometries. Thus, we can induce
symmetric states on A⋆ by pulling-back symmetric states on Aext. In order to show that our
models can, in principle, lead to observable features we briefly discuss the NC modifications
to the cosmological power spectrum of a scalar field, i.e. of the two-point correlation function.
We conclude and give an outlook in Section 6. In the Appendix A we show that the so-called
twisted QFT construction [6, 7, 8], i.e. a realization of the lower path in the diagram above,
can only be done if all homothetic Killing vector fields entering the twist are Killing.
2 Homothetic Killing vector fields
Let (M, g) be a D-dimensional smooth Lorentzian manifold of signature (−,+, · · · ,+). We
denote by vol the canonical metric volume form and by R the curvature of g. The algebra of
smooth, complex valued functions onM is denoted by A = (C∞(M), ·), where · is the usual
point-wise multiplication. We denote by Ξ the smooth complex vector fields on M, i.e. the
complexified smooth sections of the tangent bundle.
Definition 1. A vector field v ∈ Ξ is called a Killing vector field, if Lv(g) = 0. It is called a
homothetic Killing vector field, if Lv(g) = cv g with cv ∈ C. v is called proper, if cv 6= 0.
Obviously, each Killing vector field is also a homothetic Killing vector field with cv = 0.
A homothetic Killing vector field is a special case of a conformal Killing vector field v ∈ Ξ,
satisfying Lv(g) = h g with h ∈ A. We do not discuss general conformal Killing vector fields
in this work.
We remind the reader of the following standard result.
Proposition 1. The homothetic Killing vector fields form a Lie subalgebra (H, [ , ]) ⊆ (Ξ, [ , ])
of the Lie algebra of vector fields on M. The Killing vector fields form a Lie subalgebra
(K, [ , ]) ⊆ (H, [ , ]) and the following inclusion holds true
[H,H] ⊆ K . (1)
Proof. Let v,w ∈ H. Then Lβ v+γ w(g) = βLv(g) + γLw(g) = (β cv + γ cw)g, for all β, γ ∈ C.
Thus, H is a vector space over C and K ⊆ H is a vector subspace. Furthermore,
L[v,w](g) = (Lv ◦ Lw − Lw ◦ Lv)(g) = (cv cw − cw cv)g = 0 , (2)
such that [v,w] ∈ K ⊆ H. For v,w ∈ K we trivially find [v,w] ∈ K.
It can be shown that dim(K) ≤ dim(H) ≤ dim(K) + 1. To prove this, assume that there are
two proper homothetic Killing vector fields v,w ∈ H, satisfying Lv(g) = cv g and Lw(g) = cw g
with cv, cw 6= 0. Then u := cw v − cv w is a Killing vector field, since Lu(g) = Lcw v−cv w(g) =
(cwcv − cvcw)g = 0, and w = (cw v − u)/cv is a linear combination of a proper homothetic
Killing vector field and a Killing vector field.
Let us provide some examples of manifolds allowing for proper homothetic Killing vector
fields.
Example 1. Let M = RD and let g = ηµνdxµ ⊗ dxν , where xµ are global coordinates on
R
D and ηµν = diag(−1, 1, . . . , 1)µν . It is well-known that K is the Lie algebra of the Poincare´
group SO(D − 1, 1) ⋉ RD. A proper homothetic Killing vector field is given by the dilation
v = xµ∂µ, satisfying Lv(g) = 2 g.
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Example 2 ([9]). Let M = (0,∞) × RD−1 and let g = −dt⊗ dt+ a(t)2 δijdxi ⊗ dxj , where
t ∈ (0,∞) is the cosmological time, xi, i = 1, . . . , D − 1, are comoving coordinates and a(t)
is the scale factor of the universe. If we assume that a(t) ∝ tp, where p ∈ R, we have a proper
homothetic Killing vector field
v = t∂t +
(
1− t a˙(t)
a(t)
)
xi∂i = t∂t + (1− p)xi∂i , (3)
satisfying Lv(g) = 2 g. These spacetimes are relevant in cosmology, since a perfect fluid with
equation of state P = ωρ, where P is the pressure, ρ is the energy density and ω ∈ R is a
parameter, leads to a scale factor a(t) ∝ t 23(ω+1) , i.e. p = 23(ω+1) .
For more examples, including the Kasner spacetime and the plane-wave spacetime, as well
as a construction principle for spacetimes allowing for a proper homothetic Killing vector field
see [9].
3 Formal deformation quantization by abelian Drinfel’d twists
We follow the approach of [4, 5], but restrict ourselves to a relatively simple class of defor-
mations, the so-called abelian twists [10, 11, 12]
F = exp
(
− iλ
2
ΘabXa ⊗Xb
)
. (4)
Here Xa ∈ Ξ are mutually commuting vector fields, i.e. [Xa,Xb] = 0 ∀ab, Θab is real, constant
and antisymmetric and λ is the deformation parameter. We assume the Xa to be real. The
inverse twist is given by (sum over α understood)
F−1 = f¯α ⊗ f¯α = exp
(
iλ
2
ΘabXa ⊗Xb
)
. (5)
The commutative algebra of functions A = (C∞(M), ·) is deformed into a NC associative
algebra by introducing the ⋆-product
h ⋆ k := f¯α(h) · f¯α(k) , (6)
for all h, k ∈ C∞(M). The vector fields act on functions via the Lie derivative. The precise
definition of the deformed algebra is A⋆ :=
(
C∞(M)[[λ]], ⋆), where [[λ]] denotes formal power
series.
Similarly, we deform the differential calculus (Ω•,∧, d) of differential forms onM by using
the twist (5). We define the deformed wedge product by
ω ∧⋆ ω′ := f¯α(ω) ∧ f¯α(ω′) , (7)
for all ω, ω′ ∈ Ω•. The vector fields act via the Lie derivative on differential forms. It turns
out that the exterior differential d satisfies the Leibniz rule
d(ω ∧⋆ ω′) = (dω) ∧⋆ ω′ + (−1)deg(ω)ω ∧⋆ (dω′) , (8)
for all ω, ω′ ∈ Ω•, since Lie derivatives commute with d. Thus, the exterior differential does
not have to be deformed. The deformed differential calculus is given by Ω•⋆ := (Ω
•[[λ]],∧⋆, d).
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Note that the formal power series of n-forms Ωn⋆ := Ω
n[[λ]] are A⋆-bimodules, where the left
and right A⋆-action is provided by the deformed wedge product.
We deform the vector fields Ξ into an A⋆-bimodule of deformed vector fields Ξ⋆ := Ξ[[λ]]
by employing the deformed left and right A⋆-action
h ⋆ v := f¯α(h) f¯α(v) , v ⋆ h := f¯
α(v) f¯α(h) , (9)
for all h ∈ A⋆ and v ∈ Ξ⋆. The action of the twist on Ξ[[λ]] is given by the Lie derivative.
The duality pairing between vector fields and one-forms can also be deformed by defining
〈v, ω〉⋆ := 〈f¯α(v), f¯α(ω)〉 , (10)
for all v ∈ Ξ⋆ and ω ∈ Ω1⋆. The ⋆-pairing with v on the right and ω on the left is defined
analogously. One obtains the following relevant property by using identities of the twist
〈h ⋆ v ⋆ k, ω ⋆ l〉⋆ = h ⋆ 〈v, k ⋆ ω〉⋆ ⋆ l , (11)
for all h, k, l ∈ A⋆, v ∈ Ξ⋆ and ω ∈ Ω1⋆.
Employing the ⋆-tensor product
τ ⊗⋆ τ ′ := f¯α(τ)⊗ f¯α(τ ′) , (12)
we can deform the tensor algebra (T ,⊗) over A generated by Ξ and Ω1 into the tensor algebra
(T⋆,⊗⋆) over A⋆ generated by Ξ⋆ and Ω1⋆. The relation (11) extends to the ⋆-tensor algebra
〈τ ⊗⋆ v ⋆ h, ω ⊗⋆ τ ′〉⋆ = τ ⊗⋆ 〈v, h ⋆ ω〉⋆ ⋆ τ ′ , (13)
for all h ∈ A⋆, v ∈ Ξ⋆, ω ∈ Ω1⋆ and τ, τ ′ ∈ T⋆.
Using these tools we are in the position to construct a deformed action functional for a
free, real, massless and curvature coupled scalar field Φ. We follow [2] and define
S⋆ := −1
2
∫
M
(〈〈dΦ, g−1⋆〉⋆, dΦ〉⋆ + ξΦ ⋆R ⋆ Φ) ⋆ vol , (14)
where ξ ∈ R and g−1⋆ ∈ Ξ⋆ ⊗⋆ Ξ⋆ is the ⋆-inverse metric of g defined by 〈g−1⋆ , 〈g, v〉⋆〉⋆ = v
and 〈g, 〈g−1⋆ , ω〉⋆〉⋆ = ω, for all v ∈ Ξ⋆ and ω ∈ Ω1⋆.
4 Free, real, massless and curvature coupled scalar field on
homothetic Killing deformed spacetimes
4.1 Deformed equation of motion
We study in detail a subclass of the deformations (5), where a, b ∈ {1, 2}, X1 ∈ K and X2 ∈ H.
We use the normalization Θ12 = −Θ21 = 1, Θ11 = Θ22 = 0 and LX2(g) = c g, c ∈ R. We call
these deformations homothetic Killing deformations by two vector fields.
Proposition 2. Consider a homothetic Killing deformation by two vector fields X1 ∈ K and
X2 ∈ H of a D-dimensional smooth Lorentzian manifold (M, g). Then g−1⋆ = g−1, where
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g−1 ∈ Ξ⊗Ξ is the undeformed inverse metric field. The equation of motion corresponding to
the scalar field action (14) is given by (suppressing the symbol L for Lie derivatives)
P̂⋆(Φ) = cos
(
λc
4
(D + 2)X1
)
(g − ξR) Φ = 0 , (15)
where g is the undeformed d’Alembert operator.
Proof. The ⋆-inverse metric g−1⋆ ∈ Ξ⋆ ⊗⋆ Ξ⋆ of g exists and is unique. We show that the
undeformed inverse metric g−1 ∈ Ξ ⊗ Ξ defined by 〈g−1, 〈g, v〉〉 = v and 〈g, 〈g−1, ω〉〉 = ω,
for all v ∈ Ξ and ω ∈ Ω1, is equal to g−1⋆ . For g−1 one easily finds LX1(g−1) = 0 and
LX2(g−1) = −c g−1. Using the homothetic Killing property we obtain
〈g, v〉⋆ = 〈g, e−
iλc
2
X1v〉 , 〈g−1, ω〉⋆ = 〈g−1, e
iλc
2
X1ω〉 , (16)
for all v ∈ Ξ⋆ and ω ∈ Ω1⋆. Thus,
〈g−1, 〈g, v〉⋆〉⋆ = 〈g−1, 〈g, v〉〉 = v , 〈g, 〈g−1, ω〉⋆〉⋆ = 〈g, 〈g−1, ω〉〉 = ω , (17)
by using the invariance of g and g−1 under X1.
For the metric volume form one finds that LX1(vol) = 0 and LX2(vol) = cD2 vol. For the
curvature we have LX1(R) = 0 and LX2(R) = −cR [3]. Using this, (16) and graded cyclicity
in order to remove one ⋆ under the integral, we obtain for the variation of the action (14) by
functions δΦ of compact support
δS⋆ =
∫
M
δΦvol cos
(
λc
4
(D + 2)X1
)
(g − ξR)Φ . (18)
Remark 1. The scalar-valued equation of motion operator P̂⋆ is defined slightly different to
the one in [2]. The variation of the action (14) yields a top-form valued equation of motion
operator. In [2] we have used the NC Hodge operator A⋆ → ΩD⋆ , ϕ 7→ ϕ ⋆ vol in order to
extract the scalar-valued equation of motion operator P⋆, while here we have used the classical
Hodge operator A⋆ → ΩD⋆ , ϕ 7→ ϕ vol to extract P̂⋆. For the class of models discussed in the
present work the relation between these two equation of motion operators is given by
P⋆ = e
− iλcD
4
X1 ◦ P̂⋆ . (19)
Note that in case we deform by two Killing vector fields X1,X2 ∈ K we have c = 0 and the
equation of motion operator P̂⋆ (15) is undeformed. This is a generalization of the well-known
result that the dynamics of a free scalar field theory on the Moyal-Weyl deformed Minkowski
spacetime is undeformed.
4.2 Deformed Green’s operators and the symplectic R[[λ]]-module
Let (M, g) be a connected, time-oriented and globally hyperbolic smooth Lorentzian manifold.
The construction of the Green’s operators corresponding to the deformed equation of motion
operator (15) is straightforward. We define
∆̂⋆± := ∆± ◦ cos
(
λc
4
(D + 2)X1
)−1
, (20)
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where the inverse of cos
(
λc
4 (D + 2)X1
)
is understood in terms of formal power series and ∆±
are the unique retarded and advanced Green’s operators corresponding to the undeformed
equation of motion operator P = g − ξR [13]. We find
P̂⋆ ◦ ∆̂⋆± = id|C∞0 (M)[[λ]] , (21a)
∆̂⋆± ◦ P̂⋆|C∞0 (M)[[λ]] = id|C∞0 (M)[[λ]] , (21b)
and the support property
supp
(
∆̂⋆±(ϕ)
) ⊆ J±(supp(ϕ)) , (21c)
for all ϕ ∈ C∞0 (M), since the NC corrections to ∆± are finite order differential operators
at every order in λ. Here J±(A) denotes the causal future/past of a subset A ⊆ M with
respect to the metric field g. Note that the support property relies on the use of formal power
series. Convergent deformations in general do not preserve classical causality, as it is shown
in Section 5 for explicit examples.
Remark 2. In [2] we have studied the Green’s operators ∆⋆± of the equation of motion
operator P⋆, see Remark 1. For the class of models discussed in the present work the relation
to the Green’s operators ∆̂⋆± is given by
∆⋆± = ∆̂⋆± ◦ e
iλcD
4
X1 . (22)
Following [2] we can construct a deformed symplectic R[[λ]]-module1, which is isomorphic
to the space of solutions of P⋆. In terms of the unhatted quantities ∆⋆± and P⋆ the pre-
symplectic R[[λ]]-module is given by
(
H,ω⋆
)
, where
H :=
{
ϕ ∈ C∞0 (M)[[λ]] : (∆⋆±(ϕ))∗ = ∆⋆±(ϕ)
}
(23)
is the space of physical sources and
ω⋆ : H ×H → R[[λ]], (ϕ,ψ) 7→ ω⋆(ϕ,ψ) =
∫
M
ϕ∗ ⋆∆⋆(ψ) ⋆ vol (24)
is an R[[λ]]-bilinear and antisymmetric map. The deformed fundamental solution is defined
by ∆⋆ := ∆⋆+ −∆⋆−.
Proposition 3. For homothetic Killing deformations by two vector fields X1 ∈ K and X2 ∈ H
we have
H =
{
e−
iλcD
4
X1ϕ : ϕ ∈ C∞0 (M,R)[[λ]]
}
(25)
and
ω̂⋆(ϕ,ψ) := ω⋆
(
e−
iλcD
4
X1ϕ, e−
iλcD
4
X1ψ
)
=
∫
M
ϕ ∆̂⋆(ψ) vol , (26)
1 In deformation quantization the fields R and C are replaced by the commutative and unital rings R[[λ]] and
C[[λ]]. Similarly, vector spaces over R and C are replaced by modules over R[[λ]] and C[[λ]]. A (weak) symplectic
R[[λ]]-module (W,ρ) is an R[[λ]]-moduleW with an antisymmetric and R[[λ]]-bilinear map ρ :W×W → R[[λ]],
such that ρ(ϕ,ψ) = 0 for all ψ ∈ W implies ϕ = 0. Following [13] we suppress the term weak. In [2] the
symplectic R[[λ]]-module was (with an abuse of notation) referred to symplectic vector space over R[[λ]],
however in this work we intend to be more precise in notation.
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for all ϕ,ψ ∈ C∞0 (M,R)[[λ]], where ∆̂⋆ := ∆̂⋆+ − ∆̂⋆−.
The map C∞0 (M,R)[[λ]] → H, ϕ 7→ e−
iλcD
4
X1ϕ is a symplectic isomorphism between the
pre-symplectic R[[λ]]-modules
(
C∞0 (M,R)[[λ]], ω̂⋆
)
and
(
H,ω⋆
)
.
Proof. Let ϕ ∈ C∞0 (M,R)[[λ]], then e−
iλcD
4
X1ϕ ∈ H, since(
∆⋆±
(
e−
iλcD
4
X1ϕ
))∗
=
(
∆̂⋆±(ϕ)
)∗
= ∆̂⋆± (ϕ
∗) = ∆̂⋆±(ϕ) = ∆⋆±
(
e−
iλcD
4
X1ϕ
)
. (27)
Let now ϕ ∈ H, then there is a ψ ∈ C∞0 (M)[[λ]], such that ϕ = e−
iλcD
4
X1ψ (due to the
invertability of e−
iλcD
4
X1). It holds ψ∗ = ψ, since
(∆⋆±(ϕ))
∗ = ∆⋆±(ϕ) ⇔ ∆̂⋆± (ψ∗ − ψ) = 0 ⇔ ψ∗ − ψ = 0 . (28)
Let ϕ,ψ ∈ C∞0 (M,R)[[λ]], then
ω̂⋆(ϕ,ψ) := ω⋆
(
e−
iλcD
4
X1ϕ, e−
iλcD
4
X1ψ
)
=
∫
M
(
e−
iλcD
4
X1ϕ
)∗
⋆ ∆̂⋆(ψ) ⋆ vol
GC, REvol
=
∫
M
(
e−
iλcD
4
X1ϕ ⋆ vol
)∗
∆̂⋆(ψ)
HKP, REvol, REϕ
=
∫
M
ϕ ∆̂⋆(ψ) vol . (29)
In this derivation we have used graded cyclicity (GC), the reality of vol (REvol), the homoth-
etic Killing property LX2(vol) = cD2 vol (HKP) and the reality of ϕ (REϕ). Graded cyclicity
allows us to perform (graded) cyclic permutations and remove one of the ⋆-products under
the integral.
The pre-symplectic R[[λ]]-modules
(
H,ω⋆
)
and
(
C∞0 (M,R)[[λ]], ω̂⋆
)
can be made sym-
plectic by factoring out the kernel of ∆⋆ and ∆̂⋆, respectively. The kernel of ∆⋆ is given
by P⋆[C
∞
0 (M,R)[[λ]]] and the one of ∆̂⋆ by P̂⋆[C∞0 (M,R)[[λ]]]. Note that these kernels are
related by the symplectic isomorphism of Proposition 3.
Remark 3. Let us make some comments on the physical interpretation of the pre-symplectic
R[[λ]]-modules
(
H,ω⋆
)
and
(
C∞0 (M,R)[[λ]], ω̂⋆
)
. Later in QFT the elements of
(
H,ω⋆
)
are
interpreted as smearing functions of the operator valued distributions Φˆ(x) (the hermitian field
operators), where the smearing is given by Φˆ(ϕ) =
∫
M Φˆ⋆ϕ⋆vol. Due to the reality property
of H the operators Φˆ(ϕ) are hermitian for all ϕ ∈ H. On the other hand, the elements of(
C∞0 (M,R)[[λ]], ω̂⋆
)
should be interpreted as smearing functions, where the smearing is given
by Φˆ(ϕ) =
∫
M Φˆϕ vol. Thus, we can use both versions of the pre-symplectic R[[λ]]-modules
in order to define a QFT, but one has to cope with different interpretations.
4.3 Symplectic isomorphism between the deformed and undeformed sym-
plectic R[[λ]]-module
Consider the pre-symplectic vector space of the commutative field theory
(
C∞0 (M,R), ω
)
,
where
ω : C∞0 (M,R) ×C∞0 (M,R)→ R, (ϕ,ψ) 7→ ω(ϕ,ψ) =
∫
M
ϕ∆(ψ) vol . (30)
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Here ∆ := ∆+ −∆− is the fundamental solution corresponding to the undeformed equation
of motion operator P = g − ξR. We now show that there exists a symplectic isomorphism
between the formal power series extension of
(
C∞0 (M,R), ω
)
, i.e. the pre-symplectic R[[λ]]-
module
(
C∞0 (M,R)[[λ]], ω
)
, and
(
C∞0 (M,R)[[λ]], ω̂⋆
)
.
Proposition 4. The R[[λ]]-linear map
S : C∞0 (M,R)[[λ]]→ C∞0 (M,R)[[λ]], ϕ 7→ Sϕ =
√
cos
(
λc
4
(D + 2)X1
)−1
ϕ (31)
has the following properties:
(i) S is invertible
(ii) ω(Sϕ, Sψ) = ω̂⋆(ϕ,ψ), for all ϕ,ψ ∈ C∞0 (M,R)[[λ]]
(iii) S(Ker(∆)) = S−1(Ker(∆)) = Ker(∆)
Proof. (i): The inverse of S is given by S−1 =
√
cos
(
λc
4 (D + 2)X1
)
.
(ii): Let ϕ,ψ ∈ C∞0 (M,R)[[λ]], then
ω(Sϕ, Sψ) =
∫
M
Sϕ∆(Sψ) vol
PI
=
∫
M
ϕS
(
∆(Sψ) vol
)
KP
=
∫
M
ϕS∆(Sψ) vol
KP
=
∫
M
ϕ∆(S2ψ) vol =
∫
M
ϕ ∆̂⋆(ψ) vol = ω̂⋆(ϕ,ψ) . (32)
We have used integration by parts together with the fact that S includes only even powers of
X1 (PI) and the Killing property of X1, leading to LX1(vol) = 0 and [X1,∆] = 0 (KP).
(iii): We have S±1(Ker(∆)) ⊆ Ker(∆), since let ϕ ∈ Ker(∆), then ∆(S±1ϕ) = S±1∆(ϕ) =
0. We also have S±1(Ker(∆)) ⊇ Ker(∆), since let ϕ ∈ Ker(∆), then there is ψ = S∓1ϕ ∈
Ker(∆), such that ϕ = S±1ψ.
Furthermore, it is easy to show that Ker(∆̂⋆) = Ker(∆). Let ϕ ∈ Ker(∆), then ∆̂⋆(ϕ) =
∆(S2ϕ) = S2∆(ϕ) = 0. The other way around, let ϕ ∈ Ker(∆̂⋆), then ∆(ϕ) = S−2∆̂⋆(ϕ) = 0.
This leads us to the following
Corollary 1. Consider the symplectic R[[λ]]-modules
(
V̂⋆, ω̂⋆
)
:=
(
C∞0 (M,R)[[λ]]/Ker(∆̂⋆), ω̂⋆
)
and
(
V, ω
)
:=
(
C∞0 (M,R)[[λ]]/Ker(∆), ω
)
. Then the map
S : V̂⋆ → V, [ϕ] 7→ S[ϕ] = [Sϕ] (33)
is a symplectic isomorphism.
Proof. The map is well-defined, since S(Ker(∆̂⋆)) ⊆ Ker(∆). The inverse map is given by
S−1 : V → V̂⋆, [ϕ] 7→ S−1[ϕ] = [S−1ϕ] , (34)
and is well-defined, too. Using Proposition 4 we find ω(S[ϕ],S[ψ]) = ω̂⋆([ϕ], [ψ]), for all
[ϕ], [ψ] ∈ V̂⋆.
Note that V̂⋆ = V as an R[[λ]]-module. In the following we will drop for notational reasons
the brackets [ · ] indicating equivalence classes.
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4.4 Deformed ∗-algebra of field polynomials
Making use of the deformed symplectic R[[λ]]-module
(
V̂⋆, ω̂⋆
)
we can define the ∗-algebra of
field observables for the NC QFT [2]. Since our present focus is on formal deformation quan-
tization, the preferred choice of an algebra of observables is the ∗-algebra of field polynomials
(also called the Borchers-Uhlmann algebra) and not the Weyl algebra. This is due to the fact
that formal power series prohibit the use of C∗-algebras. For a review on algebras, states and
representations in deformation quantization see [14]. We make the following
Definition 2. Let (W,ρ) be a symplectic R[[λ]]-module. Let Afree be the unital ∗-algebra
over C[[λ]] which is freely generated by the elements 1, Φ(ϕ) and Φ(ϕ)∗, ϕ ∈W , and let I be
the ∗-ideal generated by the elements
Φ(γ ϕ+ γ′ ψ)− γ Φ(ϕ)− γ′Φ(ψ) , (35a)
Φ(ϕ)∗ −Φ(ϕ) , (35b)
[Φ(ϕ),Φ(ψ)] − i ρ(ϕ,ψ) 1 , (35c)
for all ϕ,ψ ∈ W and γ, γ′ ∈ R[[λ]]. The ∗-algebra of field polynomials is defined as the
quotient A(W,ρ) := Afree/I.
For our investigations we require the following canonical construction.
Lemma 1. Let (W1, ρ1) and (W2, ρ2) be two symplectic R[[λ]]-modules and let S : W1 →W2
be a symplectic isomorphism. Then the map S : A(W1,ρ1) → A(W2,ρ2), which is defined on the
generators by
S(1) = 1 , (36a)
S
(
Φ(ϕ)
)
= Φ(Sϕ) , ∀ϕ ∈W1 , (36b)
and extended to A(W1,ρ1) as a ∗-algebra homomorphism is a ∗-algebra isomorphism.
Proof. It has to be shown that the relations (35) are compatible with the map S. By defini-
tion, the map S is compatible with R[[λ]]-linearity (35a). We also find
S
(
Φ(ϕ)
)∗
= Φ(Sϕ)∗ = Φ(Sϕ) = S
(
Φ(ϕ)
)
, (37)
and
S
([
Φ(ϕ),Φ(ψ)
])
=
[
S
(
Φ(ϕ)
)
,S
(
Φ(ψ)
)]
= [Φ(Sϕ),Φ(Sψ)]
= i ρ2(Sϕ, Sψ) 1 = S
(
i ρ1(ϕ,ψ) 1
)
, (38)
for all ϕ,ψ ∈ W1. Thus, the map S can be extended to a well-defined ∗-algebra homomor-
phism between A(W1,ρ1) and A(W2,ρ2). S is invertible, as shown by using the inverse S−1 of
S, and thus is a ∗-algebra isomorphism between A(W1,ρ1) and A(W2,ρ2).
Consider the ∗-algebras of field polynomials of the undeformed and the deformed QFT
given by A(V,ω) and A(V̂⋆,ω̂⋆), respectively. We obtain by applying Lemma 1 and Corollary 1
Corollary 2. There exists a ∗-algebra isomorphism S : A
(V̂⋆,ω̂⋆)
→ A(V,ω).
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Note that this corollary states that we can mathematically describe the NC QFT in terms
of a formal power series extension of the corresponding commutative QFT. However, the
physical interpretation has to be adapted properly: If we want to probe the NC QFT with a
set of smearing functions {ϕi : i ∈ I} in order to extract physical observables (e.g. Wightman
functions) we have to probe the commutative QFT with a different set of smearing functions
{Sϕi : i ∈ I}, with S given in (31).
Remark 4. In algebraic QFT the main object of interest is the net of algebras of local observ-
ables [15, 16]. See also [13] for the construction of a net of local algebras for commutative, free
and bosonic QFTs. The symplectic isomorphism S of Corollary 1 is a finite order differential
operator at every order in λ. Thus, in the framework of formal power series, the relation
between the undeformed and deformed QFT is local, meaning that there is an isomorphism
between the corresponding nets. This feature does not carry over to convergent deformations,
since there the symplectic isomorphism is a nonlocal map, see Section 5.
4.5 Symmetries of the deformed and undeformed QFT
We study relations among the symmetries of the ∗-algebra of field polynomials of the unde-
formed and deformed QFT. The symmetries we consider are of the following type:
Definition 3. Let (W,ρ) be a symplectic R[[λ]]-module. The set of symplectic automorphisms
G(W,ρ) ⊆ EndR[[λ]](W ), i.e. the set of all invertible α ∈ EndR[[λ]](W ) satisfying ρ
(
αϕ,αψ
)
=
ρ(ϕ,ψ), for all ϕ,ψ ∈ W , forms a group under the usual composition of homomorphisms ◦.
This group is called the group of symplectic automorphisms.
For completeness we state (without proof) two simple lemmas which are important for
the following investigations.
Lemma 2. Let (W1, ρ1) and (W2, ρ2) be two symplectic R[[λ]]-modules and let S : W1 →W2
be a symplectic isomorphism. Then the map
SG : EndR[[λ]](W2)→ EndR[[λ]](W1), α 7→ S−1 ◦ α ◦ S (39)
provides a group isomorphism between G(W2,ρ2) and G(W1,ρ1).
Lemma 3. The group G(W,ρ) can be represented on the ∗-algebra of field polynomials A(W,ρ)
by defining the action on the generators
πα(1) = 1 , (40a)
πα
(
Φ(ϕ)
)
= Φ
(
αϕ
)
, ∀ϕ ∈W , (40b)
for all α ∈ G(W,ρ), and extending to A(W,ρ) as ∗-algebra homomorphisms.
We denote by G := G(V,ω) and Ĝ⋆ := G(V̂⋆,ω̂⋆) the group of symplectic automorphisms of
the symplectic R[[λ]]-modules (V, ω) and
(
V̂⋆, ω̂⋆
)
, respectively. From the lemmas above and
Corollary 1 we obtain
Corollary 3. There exists a group isomorphism SG : G → Ĝ⋆, α 7→ S−1 ◦ α ◦ S.
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Since, as R[[λ]]-modules, V̂⋆ and V are identical, we can make sense of acting with α ∈ G
on V̂⋆. Thus, we can write SG(α) = S−1◦α◦S◦α−1◦α =: S−1◦Sα◦α, for all α ∈ G. In case the
symplectic isomorphism S is invariant under the adjoint action of α, i.e. Sα = α◦S ◦α−1 = S,
we simply obtain the standard transformation law SG(α) = α in the deformed field theory.
In the case of Sα 6= S, the undeformed transformation α is implemented in a non-canonical
way on the deformed symplectic R[[λ]]-module and also on the deformed algebra of field
polynomials. Thus, the corollary above shows that the deformed field theory enjoys the same
amount of symmetries as the undeformed one, with the difference that some transformations
(what is usually called the broken symmetries) are represented in a non-canonical way.
Remark 5. By using explicit toy-models we show in Section 5 that Corollary 3 does not
carry over to convergent deformations. This means that convergent deformations can break
symmetries, which were not broken before in formal deformation quantization.
4.6 States on the deformed ∗-algebra of field polynomials
Let us first fix notation. A state on a unital ∗-algebra A over C[[λ]] is a C[[λ]]-linear map
Ω : A → C[[λ]], such that
Ω(1) = 1 , (41a)
Ω(a∗ a) ≥ 0 , ∀a ∈ A . (41b)
The ordering on R[[λ]] is defined by
γ =
∞∑
n=n0
λnγn > 0 :⇐⇒ γn0 > 0 . (42)
Assume that there is a group G acting on A as ∗-algebra automorphisms. We say that a state
Ω is symmetric under G, if
Ω
(
πα(a)
)
= Ω(a) , (43)
for all a ∈ A and α ∈ G.
We remind the reader of the following standard construction.
Lemma 4. Let A1 and A2 be two unital ∗-algebras over C[[λ]] and let κ : A1 → A2 be a
∗-algebra homomorphism. Then each state Ω2 on A2 induces a state Ω1 on A1 by defining
Ω1(a) := Ω2
(
κ(a)
)
, (44)
for all a ∈ A1.
Proof. Ω1 : A1 → C[[λ]] is a C[[λ]]-linear map. We have Ω1(1) = Ω2(κ(1)) = Ω2(1) = 1 and
Ω1(a
∗ a) = Ω2(κ(a
∗ a)) = Ω2(κ(a)
∗ κ(a)) ≥ 0 , (45)
for all a ∈ A1.
The state Ω1 defined above is called the pull-back of Ω2 under the ∗-algebra homomorphism
κ. Note that in case of a ∗-algebra isomorphism κ : A1 → A2 there is a bijection between the
states on A1 and the states on A2.
For the case of the deformed and undeformed QFT this leads us to the following
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Corollary 4. There is a bijection between the states on A(V,ω) and the states on A(V̂⋆,ω̂⋆).
The G-symmetric states on A(V,ω) are pulled-back to Ĝ⋆-symmetric states on A(V̂⋆,ω̂⋆), and
vice versa.
Proof. It remains to show that symmetric states are pulled-back to symmetric states. Let
Ω be a G-symmetric state on A(V,ω) and let α ∈ Ĝ⋆ be arbitrary. By Corollary 3 we find a
β ∈ G, such that α = S−1 ◦ β ◦ S. We obtain for all a ∈ A
(V̂⋆,ω̂⋆)
Ω⋆
(
πα(a)
)
= Ω
(
S(πα(a))
)
= Ω
(
(S ◦S−1 ◦ πβ ◦S)(a)
)
= Ω
(
πβ(S(a))
)
= Ω⋆(a) . (46)
The vice versa is proven analogously.
5 Examples of convergent homothetic Killing deformations
5.1 A spatially flat FRW toy-model
In this section we apply the formalism developed in Section 4 to a toy-model. We use a
special choice of the FRW spacetime of Example 2. Let M = (0,∞) × R3, i.e. D = 4, and
let t and xi, i ∈ {1, 2, 3}, be global coordinates. The metric field we consider is given by
g = −dt ⊗ dt + t2 δijdxi ⊗ dxj . Note that in our conventions the spatial coordinates xi are
dimensionless. The reason for choosing the scale factor a(t) ∝ t is that in this case a proper
homothetic Killing vector field is given by X2 = t∂t and all Killing vector fields commute with
X2. The most general real Killing vector field is k(ξ,η) := ξ
i∂i + η
kǫkijx
i∂j , where ξ, η ∈ R3.
The undeformed theory: We start by collecting useful formulae of the undeformed free,
real, massless and curvature coupled scalar QFT on our particular FRW spacetime. They will
be used later to study the NC deformation. We frequently use the Fourier transformation on
the spatial hypersurfaces R3 defined by t = const. We indicate this transformation by a tilde
and use the conventions
ϕ˜(t, k) =
∫
R3
d3x eikx ϕ(t, x) , ϕ(t, x) =
∫
R3
d3k
(2π)3
e−ikx ϕ˜(t, k) . (47)
The wave operator P = g − ξR in Fourier space is given by
P˜
(
ϕ˜
)
(t, k) = −
(
∂2t +
3
t
∂t +
k2 + 6ξ
t2
)
ϕ˜(t, k) . (48)
The corresponding retarded and advanced Green’s operators read
∆˜±
(
ϕ˜
)
(t, k) = −
t∫
t±
dττ3 ∆˜(t, τ, k) ϕ˜(τ, k) , (49)
where t+ = 0, t− =∞ and
∆˜(t, τ, k) =
t
√
1−k2−6ξτ−
√
1−k2−6ξ − t−
√
1−k2−6ξτ
√
1−k2−6ξ
2tτ
√
1− k2 − 6ξ
. (50)
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We obtain for the fundamental solution ∆ = ∆+ −∆−
∆˜
(
ϕ˜
)
(t, k) = −
∞∫
0
dττ3 ∆˜(t, τ, k) ϕ˜(τ, k) , (51)
resulting in the pre-symplectic structure
ω(ϕ,ψ) = −
∞∫
0
dtt3
∞∫
0
dττ3
∫
R3
d3k
(2π)3
ϕ˜(t,−k) ∆˜(t, τ, k) ψ˜(τ, k) . (52)
We define the geometric action of (R, a) ∈ SO(3)⋉R3 on C∞(M) by(
α(R,a)ϕ
)
(t, x) := ϕ
(
t, R−1(x− a)) . (53)
In Fourier space, these transformations are given by(
α˜(R,a)ϕ˜
)
(t, k) = eika ϕ˜(t, R−1k) . (54)
We easily obtain that SO(3) ⋉ R3 ⊆ G(V,ω) are symplectic automorphisms of the symplectic
vector space (V, ω) =
(
C∞0 (M,R)/P [C∞0 (M,R)], ω
)
.
In this section we are working in a convergent framework and all symplectic vector spaces
are vector spaces over R. Thus, we can apply the powerful theory of Weyl algebras in order
to quantize the symplectic vector space (V, ω), i.e. in order to define the QFT [13]. We briefly
fix notation. A Weyl system (A,W ) of a symplectic vector space (V, ω) consists of a unital
C∗-algebra A and a map W : V → A such that for all ϕ,ψ ∈ V we have
W (0) = 1 , (55a)
W (ϕ)∗ =W (−ϕ) , (55b)
W (ϕ)W (ψ) = e−iω(ϕ,ψ)/2W (ϕ+ ψ) . (55c)
A Weyl system (A,W ) of a symplectic vector space (V, ω) is called a CCR-representation of
(V, ω) if A is generated as a C∗-algebra by the elements W (ϕ), ϕ ∈ V . The algebra A is
called the Weyl algebra (or CCR algebra) and it is unique up to ∗-isomorphisms. The group
of symplectic automorphisms of (V, ω) can be represented on the Weyl algebra by employing
Corollary 4.2.11 of [13], which states that given a symplectic linear map S : V1 → V2 between
two symplectic vector spaces, there exists a unique injective ∗-morphismS : A1 → A2 between
the corresponding Weyl algebras such that W2(Sϕ) = S
(
W1(ϕ)
)
, for all ϕ ∈ V1.
The theory is fixed after we have specified an algebraic state Ω : A→ C. This choice is in
general highly nonunique. In our work we do not require an explicit choice of state and we
just assume that Ω is an SO(3)⋉R3-invariant state. From the physical perspective, it is also
natural to impose the Hadamard condition, regularity and quasifreeness.
The deformed theory with X1 = ∂1: We study a convergent deformation of our FRW
model. We choose X1 = ∂1, i.e. a translation along the x
1-direction. The flow generated by
X1 = ∂1 is noncompact. The condition [X1,X2] = 0, which is required for our deformations,
is satisfied. Our strategy is to make a convergent definition of the maps S =
√
cos(3λ∂1)−1
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and S−1 =
√
cos(3λ∂1), which enter the construction of the deformed QFT in Section 4.
Using these maps we construct the deformed QFT and investigate its properties.
We first define a convenient space of functions C∞0,S (M) ⊂ C∞(M), whereM = (0,∞)×
R
3. A function ϕ ∈ C∞(M) is in C∞0,S (M), iff (1.) for all fixed x ∈ R3 ϕ(t, x) ∈ C∞0 ((0,∞))
and (2.) for all fixed t ∈ (0,∞) ϕ(t, x) ∈ S (R3) is a Schwartz function. We have C∞0 (M) ⊂
C∞0,S (M) ⊂ C∞(M). The spatial Fourier transformation is an automorphism of C∞0,S (M),
i.e. let ϕ(t, x) ∈ C∞0,S (M) then ϕ˜(t, k) ∈ C∞0,S (M) and vice versa.
Using the spatial Fourier transformation we define the map S : C∞0,S (M)→ C∞0,S (M) by(
S˜ϕ˜
)
(t, k) :=
√
cosh(3λk1)−1 ϕ˜(t, k) . (56)
The hyperbolic cosine in (56) is due ∂i → −iki in Fourier space. This map is injective. The
inverse map S−1 : S
(
C∞0,S (M)
)→ C∞0,S (M) is given by(
S˜−1ϕ˜
)
(t, k) :=
√
cosh(3λk1) ϕ˜(t, k) . (57)
Note that S
(
C∞0,S (M)
) ⊂ C∞0,S (M), since S(C∞0,S (M)) includes only functions with Fourier
spectra decreasing faster than e−3λ|k1|/2 for large |k1|.
We can now construct the deformed QFT. We consider only the hatted quantities of
Section 4, i.e. P̂⋆, ∆̂⋆±, ω̂⋆, etc. and drop all hats to simplify notation. We define the deformed
Green’s operators by
∆˜⋆±
(
ϕ˜
)
(t, k) := ∆˜±
(
S˜2ϕ˜
)
(t, k) = −
t∫
t±
dττ3
∆˜(t, τ, k)
cosh(3λk1)
ϕ˜(τ, k) . (58)
This results in the deformed fundamental solution
∆˜⋆
(
ϕ˜
)
(t, k) = −
∞∫
0
dττ3
∆˜(t, τ, k)
cosh(3λk1)
ϕ˜(τ, k) , (59)
and the deformed pre-symplectic structure on C∞0 (M,R)
ω⋆(ϕ,ψ) = −
∞∫
0
dtt3
∞∫
0
dττ3
∫
R3
d3k
(2π)3
ϕ˜(t,−k) ∆˜(t, τ, k)
cosh(3λk1)
ψ˜(τ, k) . (60)
The deformed fundamental solution satisfies Ker(∆⋆) = Ker(∆). To prove this, let ϕ ∈
C∞0 (M,R). Using (59) we find
∆˜⋆
(
ϕ˜
)
(t, k) = cosh(3λk1)
−1 ∆˜
(
ϕ˜
)
(t, k) , (61)
and the proof follows from the positivity of cosh(3λk1)
−1. From general considerations [13]
we know that Ker(∆) = P [C∞0 (M,R)]. Thus, we can define the deformed symplectic vector
space as (V⋆, ω⋆) :=
(
C∞0 (M,R)/P [C∞0 (M,R)], ω⋆
)
. Different to Section 4 this is now a
vector space over R and not a module over the ring R[[λ]].
The construction of the deformed QFT in terms of a CCR-representation of (V⋆, ω⋆) can
be performed analogously to the undeformed QFT, since (V⋆, ω⋆) is symplectic vector space
over R. This results in a unique (up to ∗-isomorphisms) deformed Weyl algebra A⋆ describing
the deformed QFT.
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Physical features of the deformed theory: Let us investigate some physical features of
the deformed field theory. In the following we assume that λ > 0. We study in more detail
the map S2 acting on C∞0 (M). Note that in position space this map is given by the following
convolution (
S2ϕ
)
(t, x) =
∫
R
dy1
1
6λ cosh
(
π(x1 − y1)/6λ) ϕ(t, y1, x2, x3) , (62)
for all ϕ ∈ C∞0 (M). It is easy to check that the image S2[C∞0 (M)] 6⊆ C∞0 (M). For this
assume that ϕ ∈ C∞0 (M) is a positive semidefinite function localized in some compact region
K ⊂ M, e.g. a bump function. Since the convolution kernel is of noncompact support and
strictly positive, the resulting function S2ϕ is of noncompact support in the x1-direction.
However, S2ϕ will be of rapid decrease, since the convolution kernel is a Schwartz function.
Physically, this means that causality is lost. We immediately obtain that the relation
∆⋆±(ϕ) ⊆ J±
(
supp(ϕ)
)
, for all ϕ ∈ C∞0 (M), is violated. Thus, external sources couple in a
nonlocal way to our deformed field theory, what is a feature not present in the commutative
counterpart. Since ∆⋆± depends on the value of λ through (62), we can determine λ (in
principle) by measuring the response of the field to external excitations.
Consider now the deformed symplectic structure in position space
ω⋆(ϕ,ψ) =
∫
M
ϕ∆(S2ψ) vol . (63)
Due to the appearance of the nonlocal map S2 (62) there are functions ϕ,ψ with causally
disconnected support satisfying ω⋆(ϕ,ψ) 6= 0. For our choice of deformation (X1 = ∂1 and
X2 = t∂t) this nonlocality only affects the x
1-direction, but its range is infinite. We still obtain
that ω⋆(ϕ,ψ) = 0 if arbitrary translations of supp(ψ) along the x
1-direction and supp(ϕ)
are causally disconnected. In the QFT described by A⋆ this nonlocal behavior leads to a
noncommutativity between observables located in spacelike separated regions in spacetime.
∗-isomorphism between the deformed and a nonstandard undeformed QFT: We
have shown in the previous paragraph that S2[C∞0 (M,R)] 6⊆ C∞0 (M,R). The map S defined
in (56) can also be rewritten in terms of a convolution in position space, similar to S2, but
the convolution kernel is more complicated. Its explicit form is not of importance to us.
From S2[C∞0 (M,R)] 6⊆ C∞0 (M,R) we can infer that S[C∞0 (M,R)] 6⊆ C∞0 (M,R). To
prove this, assume that S[C∞0 (M,R)] ⊆ C∞0 (M,R) then we would find S2[C∞0 (M,R)] ⊆
C∞0 (M,R) by applying S twice, which contradicts the observation above.
The bijective map S : C∞0 (M,R) → C∞img(M,R) ⊂ C∞0,S (M,R) induces a symplectic
isomorphism between (V⋆, ω⋆) and (Vimg, ω) :=
(
C∞img(M,R)/S
[
P [C∞0 (M,R)]
]
, ω
)
, i.e. the
deformed field theory can be related to a nonstandard undeformed one. Using again Corollary
4.2.11 of [13], this map induces a unique ∗-isomorphism between the Weyl algebras A⋆ and
Aimg.
Let us consider the symmetries of the deformed QFT. As we have seen above, the un-
deformed symplectic vector space (V, ω) contains SO(3) ⋉ R3 in the group of symplectic
automorphisms. The representation is given by the geometric action (54). However, the
space C∞img(M,R) ⊂ C∞0,S (M,R), which serves as a pre-symplectic vector space for (Vimg, ω),
is not invariant under the action of SO(3) ⋉ R3. The preserved subgroup is SO(2) ⋉ R3,
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where the SO(2)-rotation preserves the x1-axis. Thus, the deformed QFT A⋆ is ∗-isomorphic
to a nonsymmetric undeformed QFT Aimg. This, in particular, shows that Corollary 3 is
restricted to formal deformation quantization.
Physical interpretation: As shown above, we do not have a ∗-isomorphism between the
deformed QFT A⋆ and the standard undeformed QFT A for convergent deformations. This
fact has a very natural physical interpretation, which we will explain now.
Consider the extended symplectic vector space (Vext, ω) :=
(
C∞0,S (M,R)/Ker(∆), ω
)
.
This vector space carries a representation of SO(3) ⋉ R3 via the geometric action (54). A
CCR-representation of (Vext, ω) yields the extended Weyl algebra Aext. Aext carries a rep-
resentation of the group SO(3) ⋉ R3. The algebra Aext is an extension of the usual Weyl
algebra A, where also certain delocalized observables are allowed. This already shows that
Aext is more suitable to study the connection between deformed and undeformed QFTs.
Analogously to the construction above, we define the deformed extended symplectic vector
space (Vext⋆, ω⋆) := (Vext, ω⋆) and a CCR-representation of (Vext⋆, ω⋆) yields the deformed
extended Weyl algebra Aext⋆.
The bijective map S : C∞0,S (M,R) → C∞img′(M,R) ⊂ C∞0,S (M,R) induces a symplec-
tic isomorphism between (Vext⋆, ω⋆) and (Vimg′ , ω). Furthermore, S induces a symplectic
embedding (Vext⋆, ω⋆) → (Vext, ω). Using Corollary 4.2.11 of [13] we can induce a unique
∗-isomorphism between the Weyl algebras Aext⋆ and Aimg′ , as well as a unique injective, but
not surjective, ∗-morphism from Aext⋆ to Aext. We thus have Aext⋆ ≃ Aimg′ ⊂ Aext.
Physically, this means that due to the NC deformation the QFT looses observables. Since
C∞img′(M,R) depends on the value of λ, the observables we loose also depend on the value
of λ. Note that all functions in C∞
img′
(M,R) have Fourier spectra which decrease faster than
e−3λ|k1|/2 for large |k1|. Increasing λ leads to a sharper localization in momentum space
and therefore a weaker localization in position space. Thus, the deformed QFT looses those
observables that are strongly localized in position space, which is physically very natural.
Induction of states: The injective ∗-morphism S : A⋆ → Aext, or its extension Sext :
Aext⋆ → Aext, is useful for inducing states via the pull-back, see Lemma 4. Assume that we
have an SO(3) ⋉ R3-invariant state Ωext : Aext → C. Defining Ω⋆ := Ωext ◦ S : A⋆ → C
induces a state on A⋆, which is invariant under the unbroken symmetry group SO(2) ⋉ R
3.
The same holds true for Ωext⋆ := Ωext ◦Sext : Aext⋆ → C.
NC effects on the cosmological power spectrum: In order to show that our models
lead to nontrivial physical effects we briefly discuss the cosmological power spectrum. We
shall work with the extended Weyl algebras Aext⋆ and Aext. Let Ω : Aext → C be a regular,
quasifree and translation invariant (i.e. R3-invariant) state. We denote by
(H, π, |0〉) the GNS-
representation of (Aext,Ω), where H is a Hilbert space with scalar product 〈·|·〉, π : Aext →
B(H) is a representation in terms of bounded operators and |0〉 ∈ H is a cyclic vector of norm
1. Employing the ∗-morphism Sext : Aext⋆ → Aext we obtain a representation π⋆ = π ◦Sext
of Aext⋆ on H. The vector |0〉 might not be cyclic with respect to this representation and we
define the Hilbert subspaceH⋆ = π⋆[Aext⋆]|0〉. By the GNS-Theorem the cyclic representation(H⋆, π⋆, |0〉) is unitary equivalent to the GNS-representation of (Aext⋆,Ω⋆).
Using regularity of the state Ω we can define the (unbounded) hermitian field operators
Φ(ϕ) ∈ L(H), ϕ ∈ Vext, as the generators of the Weyl operators π
(
W (ϕ)
) ∈ B(H). They are
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related to the deformed field operators Φ⋆ by Φ⋆(ϕ) = Φ(Sϕ) ∈ L(H), which are the gen-
erators of π⋆
(
W⋆(ϕ)
)
= π
(
W (Sϕ)
)
. Thus, n-point functions of the deformed field operators
can be related to n-point functions of the undeformed ones. Due to the quasifree assumption
on the state Ω only the 2-point function is of interest and all higher n-point functions can
be derived from it, in the undeformed and also deformed case. We assume that |0〉 lies in
the domain of Φ(ϕ), for all ϕ ∈ Vext, and that Φ(ψ)|0〉 lies in the domain of Φ(ϕ), for all
ϕ,ψ ∈ Vext. We define the deformed 2-point function
Ω⋆2(ϕ,ψ) := 〈0|Φ⋆(ϕ)Φ⋆(ψ)|0〉 = 〈0|Φ(Sϕ)Φ(Sψ)|0〉 = Ω2(Sϕ, Sψ) , (64)
for all ϕ,ψ ∈ Vext, where Ω2 is the undeformed 2-point function.
In order to calculate the power spectrum we require the kernel of Ω2 (Ω⋆2) in Fourier
space. Making use of the translation invariance of the state Ω we can define
Ω2(ϕ,ψ) =
∞∫
0
dtt3
∞∫
0
dττ3
∫
R3
d3k
(2π)3
Ω˜2(t, τ, k) ϕ˜(t, k) ψ˜(τ,−k) . (65)
It follows that
Ω⋆2(ϕ,ψ) = Ω2(Sϕ, Sψ) =
∞∫
0
dtt3
∞∫
0
dττ3
∫
R3
d3k
(2π)3
Ω˜2(t, τ, k)
cosh(3λk1)
ϕ˜(t, k) ψ˜(τ,−k) . (66)
The undeformed power spectrum is then given by
P(t, k) := Ω˜2(t, t, k) , (67)
and the deformed power spectrum reads
P⋆(t, k) = P(t, k)
cosh(3λk1)
. (68)
The physical feature of P⋆ compared to P is an exponential loss of power for large |k1|.
5.2 A spatially compact FRW toy-model
The flow generated by the vector field X1 = ∂1 in the model above is noncompact. We now
investigate if deformations along vector fields X1 generating compact flows differ from the
noncompact case. A possible choice of toy-model would be the model of Section 5.1 with
X1 = x
2∂3 − x3∂2, i.e. a rotation around the x1-axis, and X2 = t∂t.
However, there is an even simpler model which we can use for our studies. Consider the
manifold M = (0,∞)× S1, where S1 is the one-dimensional circle, equipped with the metric
g = −dt ⊗ dt + t2dφ ⊗ dφ. Here t ∈ (0,∞) denotes time and φ ∈ [0, 2π) is the angle. A
proper homothetic Killing vector field is X2 = t∂t and X1 = 2∂φ is a Killing vector field.
2
The necessary condition [X1,X2] = 0 is satisfied. The calculation of the undeformed wave
operator P = g − ξR and the corresponding retarded and advanced Green’s operators ∆±
is standard. We do not need to present the explicit results here.
2 The factor 2 in the definition of X1 is a convenient normalization.
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We now investigate in detail the convergent version of S =
√
cos(3λ∂φ)−1 and S
−1 =√
cos(3λ∂φ). For this we make use of the Fourier transformation on the spatial hypersurfaces
S1. Since S1 is compact, the momenta n ∈ Z are discrete. We define in Fourier space(
S˜ϕ˜
)
(t, n) :=
√
cosh(3λn)−1 ϕ˜(t, n) , (69a)(
S˜−1ϕ˜
)
(t, n) :=
√
cosh(3λn) ϕ˜(t, n) . (69b)
It remains to discuss the domains of the maps S and S−1. Note that a function ϕ on the
circle S1 is smooth if and only if its Fourier spectrum is of rapid decrease. From this and
(69a) we infer S : C∞0 (M) → C∞0 (M). However, S−1 can not be defined on all of C∞0 (M),
provided we restrict the image of S−1 to smooth functions. Since S is injective, we find the
isomorphism S : C∞0 (M)→ C∞img(M) ⊂ C∞0 (M).
Analogously to the situation where X1 generates a noncompact flow we find that the
symplectic isomorphism maps between the deformed symplectic vector space (V⋆, ω⋆) and a
nonstandard undeformed symplectic vector space (Vimg, ω). In case of models with additional
isometries (Vimg, ω) carries only a representation of the unbroken subgroup. Furthermore,
the map S embeds (V⋆, ω⋆) into the undeformed symplectic vector space (V, ω). This is also
analogous to the situation before, with the difference that we do not have to extend the
symplectic vector space. All linear symplectic maps induce unique injective ∗-morphisms
between the corresponding Weyl algebras.
We find again that the deformed QFT looses observables, depending on the value of λ.
Since the functions in C∞img(M) have Fourier spectra which decrease faster than e−3λ|n|/2 for
large |n| we loose those observables that are strongly localized in position space.
5.3 On the physical inequivalence of the deformed and undeformed QFT
In this subsection we collect arguments that our deformed QFT is physically inequivalent
to standard commutative QFTs. This discussion is very important, since it has been shown
[17] that it is not possible in the framework of Wightman QFTs on undeformed Minkowski
spacetime to construct a nonlocal theory with nonlocalities in the commutator function that
fall off faster than exponentially3. Indeed, Wightman QFTs with a faster than exponentially
vanishing nonlocality in the commutator function of two fundamental fields are equivalent to
local QFTs. Therefore we have to ensure that a similar result does not apply to our deformed
models.
The first sign for an inequivalence of our deformed QFTs to standard commutative QFTs
comes from the nonlocal behavior of the deformed Green’s operators ∆⋆± discussed above.
Coupling our deformed QFTs to external sources (or introducing perturbative interactions)
then leads to nonlocal effects which in principle can be used to measure the deformation
parameter λ.
The second sign comes from the form of the deformed power spectrum (68). Commutative
QFTs on FRW spacetimes typically have a power spectrum, which goes as P(t, k) ∝ |k|ns−4
for large |k|, where ns is the spectral index. Our deformed power spectrum (68) shows,
additionally to this power-law behavior, an exponential drop-off for large |k1|. Such a drop-
off, and with this also the value of λ, can in principle be measured.
3 We thank the anonymous referee for bringing this to our attention.
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The third sign comes from the nonlocality of the symplectic structure (63). We consider
analogously to [17] the correlation function
〈0|[Φ⋆(ϕ1),Φ⋆(ϕ2)]Φ⋆(ϕ3)Φ⋆(ϕ4)|0〉 , (70)
which, in our case, reduces due to the canonical commutation relations to
〈0|[Φ⋆(ϕ1),Φ⋆(ϕ2)]Φ⋆(ϕ3)Φ⋆(ϕ4)|0〉 = i ω⋆(ϕ1, ϕ2) 〈0|Φ⋆(ϕ3)Φ⋆(ϕ4)|0〉
= i ω⋆(ϕ1, ϕ2)Ω⋆2(ϕ3, ϕ4) . (71)
Since, as explained above, the commutator function can be nonzero for functions ϕ1, ϕ2 with
spacelike separated support, (70) is nonzero for these ϕ1, ϕ2 and for all ϕ3, ϕ4 such that
Ω⋆2(ϕ3, ϕ4) 6= 0. Thus, our QFT is nonlocal.
6 Conclusions and outlook
In this work we have studied a scalar QFT on certain NC self-similar symmetric spacetimes.
Our deformations are given by abelian Drinfel’d twists constructed from a Killing and a
homothetic Killing vector field. The deformed equation of motion and Green’s operators
have a particularly simple form, where the deformation factorizes. We have constructed the
deformed QFT in terms of a deformed ∗-algebra of field polynomials and have derived a ∗-
algebra isomorphism connecting it to the formal power series extension of the ∗-algebra of
field polynomials of the corresponding undeformed QFT. We have shown that the situation
changes when we implement convergent deformations. We have constructed the deformed
Weyl algebra for toy-models and have shown that it is ∗-isomorphic to a reduced undeformed
Weyl algebra, where strongly localized observables are excluded.
For future work there are two points of particular interest: Firstly, it would be interesting
to study more general twists F constructed by Killing and homothetic Killing vector fields.
This would also result in a factorized deformed equation of motion operator P̂⋆ = QF ◦
(g − ξR), but now with QF more general than the cosine in (15). For models with spatial
translation invariance we have the Killing vector fields ∂i and spatial Laplacian △ = δij∂i∂j .
Finding twists such that the operators QF only depend on△ is of particular interest, since this
would lead to an isotropic modification of the QFT at short length scales. Secondly, the D = 2
model of Section 5.2, or the same model on M = (0,∞) ×R, is a very interesting toy-model
to include interaction terms. The reason is that the deformed field operators represented in
momentum space come with the factor
√
cosh(3λk)−1, leading to an exponentially strong
suppression in the ultraviolet (UV). Thus, we expect that also the UV-properties of the
interacting theory are strongly improved. For the implementation of interactions the Yang-
Feldman approach [18] may prove useful.
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A On the twist deformation of the algebra of field polynomials
In this appendix we study the twist approach to QFT, which is typically used for the Moyal-
Weyl deformation of a Minkowski QFT [6, 7, 8]. We show that the twist deformation of the
algebra of field polynomials along homothetic Killing vector fields is possible if and only if the
vector fields are Killing. Note that in the approach [2] to NC QFT no such restriction exist.
Let A(V,ω) be the formal power series extension of the ∗-algebra of field polynomials (see
Definition 2) of the commutative QFT. The basic idea of the twist approach to NC QFT is
to replace the usual algebra product by a ⋆-product
a ⋆ b = (f¯α ⊲ a) (f¯α ⊲ b) , (72)
for all a, b ∈ A(V,ω). We restrict ourselves to twists F−1 = f¯α ⊗ f¯α generated by homothetic
Killing vector fields H. We assume the action ⊲ of the twist on A(V,ω) to be the natural
(geometric) action in order to interpret the deformation as a spacetime deformation. The
geometric action of the Lie algebra H is defined on the generators of A(V,ω) by
v ⊲ 1 := 0 , (73a)
v ⊲ Φ
(
[ϕ]
)
:= Φ
(
[Lv(ϕ)]
)
, (73b)
for all v ∈ H and [ϕ] ∈ V . The action is extended to A(V,ω) by C[[λ]]-linearity and the Leibniz
rule v ⊲ (a b) = (v ⊲ a) b+ a (v ⊲ b), for all a, b ∈ A(V,ω) and v ∈ H.
It has to be checked if (73b) is well-defined. For this let [ϕ] = [ϕ′], i.e. ϕ′ = ϕ + P (ψ),
where P = g − ξR is the equation of motion operator and ψ ∈ C∞0 (M,R)[[λ]]. We find
Lv(ϕ′) = Lv(ϕ) + Lv
(
P (ψ)
)
= Lv(ϕ) + P
(Lv(ψ)− cvψ) , (74)
where we have used that the scaling of the d’Alembert operator is [Lv,g] = −cv g. Thus,
the action is well-defined for all v ∈ H.
Next, we have to check if the action of H is consistent with the commutation relations in
A(V,ω). We obtain the consistency condition (omitting the brackets [ · ] denoting equivalence
classes)
0 = v ⊲
(
i ω(ϕ,ψ) 1
)
= v ⊲ [Φ(ϕ),Φ(ψ)] = [v ⊲ Φ(ϕ),Φ(ψ)] + [Φ(ϕ), v ⊲ Φ(ψ)]
= [Φ(Lv(ϕ)),Φ(ψ)] + [Φ(ϕ),Φ(Lv(ψ))] = i
(
ω(Lv(ϕ), ψ) + ω(ϕ,Lv(ψ))
)
1 , (75)
for all ϕ,ψ ∈ V and v ∈ H. Using the explicit form of ω we find
ω(Lv(ϕ), ψ) =
∫
M
Lv(ϕ)∆(ψ) vol PI= −
∫
M
ϕLv
(
∆(ψ) vol
) HKP
=
−
∫
M
ϕ
(
∆
(Lv(ψ)) + cv (D
2
+ 1
)
∆(ψ)
)
vol = −ω(ϕ,Lv(ψ)) − cv
(
D
2
+ 1
)
ω(ϕ,ψ) ,
(76)
for all ϕ,ψ ∈ V and v ∈ H. In this derivation we have used integration by parts (PI) and the
homothetic Killing properties Lv(vol) = cvD2 vol and [Lv,∆] = cv∆ (HKP). Putting (76) into
(75) the consistency condition reads
0 = −cv
(
D
2
+ 1
)
ω(ϕ,ψ) , ∀ϕ,ψ ∈ V , (77)
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which implies cv = 0 due to the (weak) nondegeneracy of the symplectic structure ω. Thus,
we can only represent the Lie subalgebra of Killing vector fields K ⊆ H on A(V,ω), provided
we assume a geometric action.
Let us briefly consider a general vector field v ∈ Ξ. The two consistency conditions (73b)
and (75) required for v to be implementable have the following meaning: (75) states that v has
to be an infinitesimal symplectic automorphism and (73b) means that the equation of motion
operator has to transform as [Lv, P ] = P ◦ Ov, with some operator Ov mapping compactly
supported functions to compactly supported functions. These two conditions are of course
not fulfilled for the most general vector field v ∈ Ξ. Since the twisted QFT construction
requires a representation of all vector fields entering the twist on the algebra A(V,ω), the
above argumentation shows that not all twists can be implemented. Our conjecture, which
deserves a rigorous proof, is that a vector field is implementable if and only if it is Killing.
We now show for completeness that the twisted QFT construction is possible if the twist is
Killing. The Lie algebra representation of K onA(V,ω) extends to a Hopf algebra representation
of the universal enveloping algebra UK, equipped with the natural coproduct, counit and
antipode. The formal deformation quantization of the Hopf algebra UK and algebra A(V,ω)
by a Killing twist F ∈ UK⊗ UK is then straightforward, extending the result for the Moyal-
Weyl deformation of the Minkowski QFT [6, 7, 8].
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